We study the conserved quantity associated with the dual symmetry of the Maxwell equations, called the optical helicity, by means of transverse Hertz vectors. In the presence of charges, its evolution yields the integral of E · B which is the anomaly term for chiral fermions. We also discuss the helicity change in condensed matter systems where topological magnetoelectric effect emerges. An alternative expression of the optical helicity is also found. Lastly, a dual symmetric Hertz Lagrangian is constructed and its conserved charge is derived.
Introduction
It has long been known [1, 2] that the vacuum Maxwell equations are invariant under the duality transformations E ′ = E cos θ + B sin θ, B ′ = B cos θ − E sin θ.
The conserved charge of this symmetry was obtained by Calkin [3] through the Noether theorem as
where ∂ t = ∂ ∂t . Here Z C is a transverse vector, ∇ · Z C = 0, satisfying
A T is the transverse piece of the vector potential. Calkin called Z C the Hertz vector [4] [5] [6] [7] . The physical meaning of (2) becomes clear when it is quantized in a box [3] 
Above,n R,L (k) are the number operators associated with right/left circularly polarized photons for each k-mode, respectively. Thus,χ is the operator that corresponds to the difference between the total number of right and left circularly polarized photons. The same problem was also studied in [8] and the following non-local charge
was found within the Hamiltonian framework. Without referring to duality, a covariant generalization of Calkin's conserved current was given by Afanasiev and Stepanovsky [9] . In addition to the usual scalar A 0 and vector A potentials, they introduced dual potentials C 0 (x, t) and C(x, t) such that
Their conserved charge is a combination of two Chern-Simons terms
Later, in [10, 11] , it was shown that a dual symmetric Lagrangian which includes both potentials A and C relates this charge (7) to the duality transformations. The same problem is handled in [12] within a symplectic approach. At present, χ (7) is called the optical helicity of the electromagnetic field [9, 10, 13] . For a discussion on the relation between the optical helicity and the photon helicity, see the recent paper [14] .
The duality symmetry of the Maxwell equations were also studied in [15] by means of the conventional Hertz vectors (polarization potentials) Π e and Π m [7] . By using these Hertz vectors, the gauge potentials in [15] are defined as
where the Lorenz gauge condition is already built in [7] . However, the conserved charge (7) was not discussed there. The Hertz vectors were also revisited in [16, 17] in a complex form. Recently, the concepts of duality and helicity become a useful tool for the investigation of lightmatter interactions in various materials [18] , including chiral and magnetoelectric molecules [19, 20] . In this work, we study the duality symmetry and the optical helicity by using a different set of Hertz vectors. In particular, we discuss the evolution of the optical helicity (7) in physical systems like Weyl semimetals [21] and topological insulators [22] which exhibit the topological magnetoelectric effect.
Duality and the optical helicity
In the vacuum not only the magnetic field, but also the electric field becomes transverse, i.e., E = E T and B = B T . We can write them by means of the gauge invariant transverse potentials as
cf (6) . Therefore, χ (7) can be expressed only in terms of B T , E T , A T and C T such that
where we ignore the surface terms. This shows its gauge invariance. Moreover, it is explicitly dual symmetric since the duality transformations (1) descend to the transverse potentials as
On the other hand, although it is the conserved charge of the duality symmetry, Calkin's charge (2) itself is not manifestly dual symmetric. Moreover, since it is defined in terms of a Hertz vector, its gauge invariance is not explicit [6] . Even so, by combining (3) and (6), we obtain
which shows that the two optical helicity expressions, (2) and (7) are indeed equivalent. We would like to emphasize an important fact. Since A alone is sufficient to define E and B, the second vector potential C seems to be superfluous in (6) . However, the advantage of using C in (7) is to obtain an explicitly gauge and dual invariant helicity expression.
The optical helicity χ (7) is composed of a magnetic part χ m = d 3 x A · B and an electric part χ e = d 3 x C · E 2 . In the vacuum, each one evolves as
χ m is known as the magnetic helicity. It is a degree of the knottedness of the magnetic field when the Pfaffian of the electromagnetic field strength vanishes i.e. E · B = 0 [23, 24] . The first equality in (12) remains valid in the presence of electric sources and it relates χ m and the chiral anomaly of massless fermions [25] . When the electric 4-current j µ = (j 0 , j) is switched on,
2 Equivalently, one can redefine the magnetic part as χ 
the duality symmetry is broken and χ is no longer conserved. However, it retains its meaning even in this situation. Being defined in terms of the transverse fields, it is the generator of the duality transformations of E T , B T (1) and A T , C T (10). In addition, its quantization still results in the sum over the helicities of individual plane-wave modes 3 [26] , thusχ still yields (4) .
We would like to study the optical helicity (7) and its evolution by means of the Hertz vectors. As seen from (9) in the vacuum χ is defined in terms of the transverse vectors. In the presence of charges and polarizations, one can always adopt Coulomb gauge and continue to deal with the transverse fields. However, the conventional Hertz vectors Π e and Π m are built within Lorenz gauge. Thus, they are not suitable for our aim. Moreover, they are originally invented to deal with the electric and magnetic polarizations. Therefore, the expressions of the electromagnetic fields and the potentials (8) in terms of them are complicated. We need simpler descriptions.
In fact, such a description is already provided with Z C (3). Since electromagnetic theory possesses two Hertz vectors linked by duality, we shall introduce another Hertz vector which is dual to Z C and which yields C T and B in a simple manner.
In the next section, we follow the route outlined in [3] and derive a dual Hertz vector which naturally emerges from the transformations of C. Therefore, we will obtain a set of transverse Hertz vectors which is different from (8).
Transverse Hertz vectors 3.1 The dual Hertz vector
Motivated by the presence of the dual fields (1) and the potentials (10), we look for a dual Hertz vector. To get it, we modify the arguments in [3] by defining E and B in terms of dual potentials (6) .
With C 0 and C, the infinitesimal version of (1) reads
We propose the solutions
where λ is arbitrary and Z A is the second Hertz vector which satisfies
We deduce
where ζ A (t, x) is a gauge parameter. This arbitrariness can, as in (3), be removed by choosing
We obtain the following Noether charge from the variation of the free Maxwell action
cf. (2) . From (11) and (15), we can derive integral solutions for the transverse Hertz vectors
with the help of the Helmholtz theorem. Here,
When the sources are switched off in (13), we can safely write B T = B, E T = E in (17) . The Hertz vectors are originally subject to gauge transformations [6] . However, our Z A,C (17) are gauge fixed and unique. Moreover, by using (17) and (1), we find that they are dual to each other:
Hereafter, we consider (17) as the definitions of our Hertz vectors. Alternatively, we can also derive Z A by following the arguments in [7] but choosing Coulomb gauge instead of Lorenz gauge.
Lastly, we would like to note that in [17] (see also [16] ), E and B were defined by means of the conventional Hertz vectors (8) as
However, their definition of the transverse potentials,
matches with our (11) and (15).
Properties of the Hertz vectors

Free theory and relation to the Maxwell equations
We would like to show the similarity between the Maxwell equations and the equations of the Hertz vectors (11) and (15) . Using the expressions (17), we find
A similar relation holds for the other equations
Together with the transversality of (17), the Hertz vectors provide a set of Maxwell-like equations
which are in one-to-one correspondence with the vacuum Maxwell equations. From (19), we observe that Z A,C satisfy the homogenous wave equations
like usual Hertz vectors (8) do when the polarizations are switched off [7] . On the other hand, free fields can be written in terms of Z A,C in a simpler way
We observe that Z A and Z C become potentials for the gauge fields A and C.
In a Lorentz covariant form the Maxwell equations read ∂ µ F µν = 0, ∂ µF µν = 0, where
Then (19) can be written in a compact form as
We note that (22) is not a Lorentz covariant equation because our Hertz vectors only generate the transverse parts of the electromagnetic potentials:
Equations (20) can be combined to give a single equation, H µν = 0. The fields F µν and H µν are related as
which is the compact form of (17) . Likewise, the duality transformations (18) can be expressed as H ′µν = H µν cos θ +H µν sin θ.
Turning on polarizations
After turning on the electric P (x, t) and the magnetic M (x, t) polarizations, Maxwell's equations become
They can be written as ∂ µ F µν = l ν , ∂ µF µν = 0, where
Recalling the definitions (17), we observe that all the Maxwell-like equations (19) are valid except the modified one below
where l T = ∂ t P T + ∇ × M T . In addition, the wave equations (20) become inhomogenous
Simple formulas like (23) and (24) are still valid for the transverse vectors. We emphasize that the equations (27) and (28) of Z A,C are different from the ones of Π e,m [7] .
Applications of the Hertz vectors 4.1 Evolution of the optical helicity
Let us consider the evolution of χ in the presence of sources (13) . In the Coulomb gauge, we have A = A T , C = C T , C 0 = 0 and most of the previous definitions are the same (see also [26] ),
except the one below,
The Maxwell-like equations satisfied by the Hertz vectors (19) are also modified
They have the same form as (27) . The optical helicity
evolves as
This was obtained before in [26] . In order to go further, we recall our transverse Hertz vectors Z A,C . Usage of either (11) or (29) together with (13) allows us to rewrite (31) as
which relates the optical helicity of the electromagnetic field to the anomaly term E · B. Therefore, in a suitable system, (32) may determine the interplay between the optical helicity and the anomaly. We emphasize that our result is different from the individual equations of χ m and χ e in (12) . The right hand side of (32) vanishes when j µ is switched off, as it should. Let us consider the condensed matter systems for physical examples of the optical helicity evolution. We will focus on physical systems where anomaly related transport phenomena is realized. Such systems may exhibit effective polarizations. Therefore, it is important to emphasize that (32) is still valid when j µ is replaced by the polarization vector l µ (26) in calculations.
Firstly, we consider a 3 − d condensed matter system called the Weyl semimetal which exhibits anomaly and anomaly induced effects like the chiral magnetic effect [21] . In [27] , a Weyl semimetal model which includes 2−component Weyl spinors and two gauge fields was studied. As a result, the triangle diagram calculation yielded a gauge anomaly and the effective action of the Weyl semimetal becomes 5 S
where the second term comes from 1-loop calculations as a quantum correction. The modified Maxwell equations become
Above Θ(x, t) is a scalar which is intrinsic to the material [21] .
Comparing (34) with (25), we observe that B induces an electric polarization, and vice versa. This is the topological magnetoelectric effect [22] , a phenomenon known as the axion electrodynamics in high energy physics [28] .
Since the derivation of (32) is general, we replace j µ in (13) with the polarization 4-vector l µ which, for our particular case (34) , becomes
From (34) we find
Substitution of (36) in (32) cancels the anomaly term d 3 x E · B and we get a new equation which relates the optical helicity to the properties of the Weyl semimetal
This result (37) shows the evolution of the optical helicity in a Weyl semimetal by connecting it to the structure of the material. Thus, it may provide a new perspective, which is based on the duality and the optical helicity, for the analysis of that semimetal. Indeed, duality and helicity are important tools for the investigation of the interaction of light with matter [18] , e.g. the magnetoelectric matter (see [20] and the references therein).
In [29] , the possibility of a relation between the magnetic helicity χ m and the emission of circularly polarized photons in Dirac semimetals is mentioned. Here, instead of χ m , we consider the evolution of χ because in the context of the duality it is the meaningful quantity and its quantization naturally yields (4) .
Similar ideas may apply to 3 + 1 dimensional topological insulators which also host the topological magnetoelectric effect (34). They can be described with a similar effective action (33) and the corresponding equation (37) with the change Θ(x, t) → P 3 (x, t) where P 3 is the magnetoelectric polarization [22] .
Indeed, in [30] , a Berry phase 6 was derived through the adiabatic change of the parameters like Θ from a Lagrangian similar to (33) . This phase accompanies the photon states and interestingly its explicit calculation results inχ (4). There, it was argued that the effects of this phase might be 5 The well-known low energy model of [21] was built with 4−component Dirac bi-spinors and it contains both a vector and an axial current. Integration of the fermions in the path integral yields the chiral anomaly and therefore the second term in their effective action has the coefficient 1 32π 2 . 6 The calculation was performed at t = 0. visible in topological insulators. We conclude that (37) is the classical analogue of the evolution of that phase.
Since they are described with equations similar to (34), the above discussions may apply to the axion crystals [31] .
Dual symmetric version of Calkin's charge
In Section 2, we presented different expressions for the optical helicity which have the same physical meaning. Calkin's charge (2) is not explicitly dual symmetric because Calkin used a single Hertz vector Z C (and a single vector potential). But, physical quantities in the free Maxwell theory should be dual symmetric [32] . Therefore, it is desirable to put (2) in a form so that it enjoys this symmetry.
Since we have two Hertz vectors, which are dual to each other (18), we can write a dual symmetric version of (2)
where we combine (2) and (16). This expression is explicitly gauge invariant. One can show that it is equivalent to the other conserved charges, namely (2), (5) and (7). Thus it can be considered an alternative expression for the optical helicity.
A dual symmetric Hertz vector Lagrangian
In Section 3.2.1, we found that the Hertz vectors satisfy the wave equations (20) . Such equations can be derived naturally from a Klein-Gordon type action. Recently, we worked on the dual symmetric Klein-Gordon Lagrangians [33] within the photon wave function approach [34] . Here, we would like to adopt the same framework by using the complex Hertz
where (S i ) ab = −iǫ iab are the generators of rotations for spin-1 particles. We note that (39) is the compact form of (19) . Duality transformations (18) become
We build a Klein-Gordon type (lower-derivative) Lagrangian 8
Variation of (41) with respect to Z ± yields (20) . L Z is dual symmetric and the conserved charge is
Similar to χ (7), Q is in the form of a double Chern-Simons integral. In fact, one can obtain χ from Q with the substitution Z ± → (A ± iC). Classically, Q seems to be an acceptable quantity. However, after quantization it yieldŝ
7 A similar complex vector was introduced before in [16, 17] with different Hertz potentials. 8 LZ (41) does not have correct dimensions. We will only treat it as a mathematical tool which generates correct equations of motion and which makes it easier to investigate the symmetries.
which may suffer an infrared divergence for |k| = 0. We conjecture that, the action ofQ on the photon states with |k| = 0 can be excluded in a non-interacting theory. Another possibility is that the differencen
|k| 2 may be finite in the limit |k| → 0. It is easy to obtain Lipkin's 00th zilch as the conserved charge of the duality symmetry with the replacement Z ± → (E ± iB) in (41). Moreover, replacing electromagnetic fields with their curls, one can get higher order Lagrangians which are again dual symmetric. As it is noted in [33] , one can derive infinitely many conserved charges of free electromagnetism (see [13] and the references therein). In our procedure, with the definitions (40) and (41), it is clear that those charges are all related to the duality symmetry.
Discussion
We studied the optical helicity χ (7) by means of the transverse Hertz vectors. Since our Hertz vectors are different from the conventional ones, we explored their physical properties. Solutions of their Maxwell-like equations were simply given in terms of the electromagnetic fields (17) . Their duality transformations were presented (18) . We also investigated their behavior in the presence of polarizations.
As a first application, we considered the evolution of the optical helicity. We found that, when electric charges are added, there exists a generic relation between the optical helicity and the anomaly term (32) . As physical examples, we considered condensed matter systems like Weyl semimetal and 3 + 1-d topological insulator where effective polarizations emerge. We found an interesting equation (37) which relates the optical helicity to the effective description of the Weyl semimetal. Our approach based on the helicity and the duality is, of course, preliminary. Yet, from the theoretical side, it may provide a new angle to study the material. The same arguments also apply to the topological insulators. For future study, we would like to work out the quantized version of (37).
We also obtained an alternative dual symmetric expression of χ in terms of the Hertz vectors (38). Lastly, we proposed a dual symmetric Hertz vector Lagrangian and computed its Noether charge Q (42). This charge may be a new conserved quantity, however its quantization needs further clarification. Our framework is useful to generate the infinite hierarchy of conserved quantities as a result of duality symmetry.
